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Airfoil Self-Noise Generated in a Cascade

Stewart A. L. Glegg*
Florida Atlantic University, Boca Raton, Florida 33431

Self-noise from fans and rotors is generated by blade boundary-layer turbulence interacting with the trailing
edges of the blades. Previous theories describing this mechanism have considered only an isolated airfoil and have
shown that acoustic scattering from the sharp trailing edge is responsible for the sound that propagates to the far
field. In aeroengine applications, fans or stators have relatively high solidity, and there will be acoustic scattering
from adjacent blades as well as the blade locally excited by the flow. The theory is given for self-noise from a fan
modeled as a linear cascade of semi-infinite flat plates. The magnitude of the self-noise mechanism is compared
with the field that would be generated by a single airfoil without adjacent blade scattering.

Nomenclature
A,Q) = wave number transform of blade loading
a, = pressure of excited mode
B() = wave number transform of blade loading for a single
blade
b = blade span
Co = speed of sound
D, f/Dt =0df/ot+Udf/dx
d = blade overlap distance (see Fig. 1)

h = blade spacing (see Fig. 1)

J+() = split function defined as j = JJ_

JjO = response function defined in Appendix A
K* = modal residue defined in Appendix A
ko1 () = response function defined in Appendix A
M = Mach number of flow

m = integer, mode order

n = blade number (see Fig. 1)

p = integer defining the incident mode orders

Dis Ps = acoustic pressure perturbations of the incident and
scattered fields, respectively

0.q = source strength

s = blade spacing

T; = Lighthill’s stress tensor

t =time

U = uniform flow velocity

Vi = position coordinates, (x, y, 2)

Yo = location of source layer

o = wave number in the y direction

8 = J1— M

y = wave number in the x direction

Ve = wave number of incident field in the x direction

Ap, = pressure jump across each blade

¢ =[(@+yU)/cg—y> —v]'/?

K =w/B%c

ke = [k — (v/B)*]'2

v = wave number in the z direction

Lo = density

o = density perturbation

X = stagger angle tan~'(d /h)

w = angular frequency

I. Introduction

ROADBAND noise from fans and rotors is generated by the
interaction of surfaces with turbulent flow. When the turbulent
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flow is generated by the blade boundary layers, the mechanism is
defined as self-noise and will be the only source mechanism when
the flow upstream of the fan is undisturbed. The turbulentflow gen-
erated by the blade boundary layers is convected subsonically and
is an inefficient sound source in regions well away from the blade
trailing edge. However, the boundary layer induces a surface pres-
sure that is supported by the blade but cannot be supported by the
wake. The sudden adjustment between these two situations gener-
ates waves that can propagate efficiently to the acoustic far field.
The theory for trailing-edgenoise for a single airfoil has been stud-
ied extensively' "® using Lighthill’s acoustic analogy. Each of these
theories treats the trailing-edge interaction problem in a slightly
different way, but essentially they all come to the same conclu-
sions, giving results with the same far-field directionality and flow
speed dependence. It is shown that the primary noise generation
mechanism is the acoustic scattering of flow disturbances at the
trailing-edge discontinuity.

The theories of trailing-edgenoise were originally developed for
estimating the broadbandnoise from open rotors and aircraft wings.
In these situations, the blades may be considered to be large com-
pared with the scale of the turbulent flow. The trailing-edge inter-
action is well modeled by replacing the blade with a semi-infinite
flat plate in an otherwise homogeneous medium. However, in aero-
engine applications, fan blades cannot be considered in isolation.
The blade trailing edges are often separated by distances that are
smaller than the acoustic wavelength, and so there may be near-field
scatteringof the turbulentflow noise by more than one trailing edge.
To accountfor this additional interaction, the fan can be modeled by
a cascade of blades as shown in Fig. 1. Trailing-edge scattering of
the acoustic field generated by the flow must satisfy the boundary
conditions on all of the blades in the cascade, as distinct from the
single-airfoil theory, where the boundary conditions need be satis-
fied on only one of the blades. In this paper, we will investigate the
correction that must be applied to single-airfoil theories to account
for scattering from a cascade of blades.

The theory developed by Amiet** for self-noise from a single
blade specifies the acoustic field in terms of the convected surface
pressure below the blade boundary layer. To develop a theory for
self-noise generated by a cascade, we will use the same approach.
However, the difference between an isolated blade and a cascade
is that the former radiates waves that propagate spherically to the
acoustic far field, whereas the cascade generates acoustic modes
that are bounded and propagate with minimal attenuation. In the
following sections, we will derive an expression for these acoustic
modes fora specified convectedsurface pressureon one of the blades
inthe cascade. Toillustratethe effectof the cascade, we will compare
the results with the self-noise from a single bladed fan with the same
diameter in which adjacent blade interferenceeffects will not occur
but the acoustic field will still be modal. The ratio of these two
results will then show the importance of multiple blade interactions
on self-noise from a fan.

As stated earlier, most of the theories for trailing-edgenoise have
modeledthe blade as a semi-infinite flat plate. Amiet®+* alsoincluded
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Fig.1 Cascade model.

the effect of finite blade chord, but this is important only at low fre-
quencies.In the cascade, waves travelingupstreamare trappedin the
blade passages and can propagateto the leading edge without atten-
uation. At the leading edge, the trapped waves will be reflected and
propagate in the downstream direction, interacting with the trailing
edge again and radiating away into the region downstream of the
cascade. However, in this paper, we will model the blades using flat
plates of semi-infinite chord so that we can identify the effects of
the trailing edges in isolation. The importance of the leading-edge
interaction will be considered in a subsequent publication.

To predict airfoil self-noise, the details of the flow close to the
trailing edge of the blade must be known. In this region, viscous
effects are important, and flow separation can occur, causing large
turbulent motions of the fluid. Predicting the unsteady nature of this
flowfield at high Reynolds numbers and Mach numbers, particularly
at high angles of attack, is currently not possible. To address this
problem, Brooks et al.” have developed a semiempirical method for
the prediction of airfoil self-noise that is based on an extensive set
of measurements of the self-noise generated by different types of
isolated airfoils. Their measurements were made at a single pointin
the acousticfar field, and the rest of the acoustic field is inferred from
the theoretical directivity patterns given by Amiet.>** In the case of
a cascade, the flow will scale differently from an isolated airfoil due
to the proximity of the adjacent blades, and the importance of this
has yet to be identified.

Acoustic waves generated by cascades of flat plates subject to
an incident acoustic or vortical wave have been studied by Kaji
and Okazaki,® Mani and Horvay,” Smith,' Koch,'! and Peake.!?
In all of these studies, the incoming disturbance was assumed to
be generated far upstream or downstream and to have no spanwise
variation. Various analytical methods have been used to obtain the
solution, including collocation methods!®:!! and the Wiener Hopf
approach.” 12 In this study, we are concerned with scattering of
sound generated by a source that is next to the trailing edge of only
one of the blades, and so both near-field and spanwise propagating
waves will be important. The theory that is developed in Sec. II
addresses both of these issues and is fundamentally different from
the analyses cited earlier 2 because the cascade is excited by a
near-field rather than a far-field source. In Sec. III, we will develop
the theory for a single blade with the same source terms as were
used in Sec. II so that the cascade correction factor may be derived.
The most important result of this study is given by Eq. (35), which
defines the ratio of the acoustic mode amplitudes for a multiple-
bladed rotor relative to a single-bladed rotor. This shows the effect
of the cascade response function for any type of trailing-edge flow,
and the interpretation of this resultis givenin Sec. IV.

II. Trailing-Edge Noise from a Cascade

We will define the acoustic pressure field generated by a turbulent
flow near a cascade of blades (Fig. 1) by solving Lighthill’s wave
equation, which is defined for stationary surfaces in a uniform mean
flow as!®

Dep' s 0°T;;
2P 252, — ij

d
= = -— —nh
= Ty, 3y 2 AP0 = ()

On the left-hand side of this equation, the acoustic variable is de-
fined as the density perturbation that, in low-Mach-number flows,
is directly proportional to the acoustic pressure perturbation p’c3.
We have also specified the wave equation in its convected form so
that the quadrupolesource term 7;; is defined using the velocity per-
turbations relative to a uniform flow velocity U. The terms on the

left-hand side are defined using generalized derivatives so that the
second source term on the right-handside is included to account for
the discontinuityin pressurebetween the upperand lower surfaces of
each blade. We will solve this equation by considering the acoustic
field to be the sum of an incident field generated by the quadrupole
sources in isolation and a scattered field that is the sound generated
by the pressure discontinuity. The acoustic pressure perturbation of
the incident field then satisfies the equation

2
LD, = L @
¢y Dt? ay;0y;

We will assume that the quadrupolesources are confined to a bound-

ary layer above the n = 0 blade and use the principle of superposi-

tion as described by Howe? to define the source term in Eq. (2) in
the form

82T[~ oo oo oo
= / / / q(¥e. Yo, 1)8(y = 30)
ay[ayj —o0 J0 —00

x expliy.(x — U.t) + ivz] dy. dy,dv 3)

where it is assumed that the turbulenceis convected at a mean speed
U, that is slightly lower than the flow speed outside the boundary
layer.

To simplify the analysis, we will limit considerationto only one
harmonic component so that

0T,
0y 0y;

with the understanding that the final results will be integrated over
Ye, Yo, and v as in Eq. (3) and that w = . U.. By introducing this
source term in Eq. (2) and using Fourier transforms, we obtain a
solution in the form

pi = Qexp(—iwt +iy.x +il|y — yol +ivz) ©)

=4 ¥e» Y0, VIS(Y — yo) exp(—iwt +iy.x +ivz) (4)

where
te=(@—=yUY [y —y2 =7,

and Q =iq/(2¢.). Because the convection velocity is subsonic,
Y. > w/cy, and it follows that ¢. is imaginary. The acoustic field
generated by this disturbance therefore decays evanescently on ei-
ther side of the boundary layer.

The linear cascade shown in Fig. 1 is an unwrapped model of a
rotor, and so if the rotor has B blades, then the incident field will
be defined by the superposition of identical source distributions
periodically spaced at intervals of Bh. The incidentfield is then

Im(Z.) >0 (6)

pi = Qexp(—iwt +ivz)

x Y expliy.(x —mBd) +it.|y — yo — mBh|] @)
This result shows that the incident field is periodic and so can be
expressed as a Fourier series in the form

pi = Qexpl—iwt +ivz+iyex —iy.(y — yo)d/h]

x Y F,exp[—2mip(y — yo)/Bh] ®)
4

where the coefficients F,, are defined from Eq. (7). By considering
the incident field in detail and invoking the periodicity condition,
we have been able to define the incident field from a sound source
in the near field as a set of harmonic waves in space and time. This
is important because it allows us to use many of the concepts of
traditional cascade flow analysis to solve this problem.

The scatteredfield is specified by the solution to the wave equation

a
~Viho=— > ApS(y —nh) ©)

subject to the boundary conditions on the blade surface and down-
stream of the blade trailing edges. These impose the conditions that
the pressure gradient must be zero in the direction normal to the
blade surfaces, and that there can be no pressure discontinuityin the
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blade wake. We must therefore seek a solution to Eq. (9) subject to
the boundary conditions

3p;  ap,
i,

=0, X < nd,
dy 9y

y =nh

(10)

Ap,(x) =0, x > nd

To obtain a solution for the scattered field, each term of the Fourier
series (8) will be treated separately so that the scattered field is
expanded in the series

ps = exp(—iwt +ivz) Zflp(x» y)
P
(11
Ap, (x) = exp(—iof +ivz) Y Aa (x)

P

For each term in the expansion given by Eq. (8), the incident field
on each blade surface has the same amplitude but will be shifted
in phase. At the same location relative to the blade trailing edge
(x — yd/h = const), the phase shift on the blade number n relative
to blade n = 0 will be no = —2wnp/B. Consequently, it follows
that the response of each blade to each incident wave component
will be related by Aa”(x) = Aa’ (x — nd)e™”. The solution to
Eq. (9) is then obtained by defining the Fourier transforms

1 o0 o0
a,(y,a) = —= p (X, iyx +iay)dxd
a,(y,a) o) /_w /_wa, (x, y)exp(iyx +iay) y(m
1L o
A,(y) = E/ AaI(J)(x) e'’" dx

so that
1 oo oo +it
ap(x» Y) = E
—00 J—oo+irt

o —iaA,(y)Y., expl—iy(x —nd) —ia(y — nh) + ino] d
o
@+ yU2[cd —y? —a? =12

dy

(13)

The integral over o can be carried out by using a closed contour
in the upper or lower halves of the complex plane and applying
the residue theorem. Furthermore, we can evaluate the summation
analytically and write the solution in the form

co+it
a,(x,y) = / exp[—iy(x — yd/h)]an(”)(y, V)A,(y)dy

0o +it
(14)
where the function k” is defined by the summation
1 o0
kP , — —nh
09 = n;w sgn(y — nh)
x expl—iy(y —nh)d/h +ic|y — nh| +ino) (15)

which is evaluated in Appendix A. The pressure gradient in the
direction normal to the surface of the blade located at y = 0 is then
defined using

8(11, oo +it » o
— = e "2 j P (y)A,(y)dy (16)
8)7 —oo+it

where j P (y) = 3k”(0, y)/9dy and is also defined in Appendix A.
Taking the Fourier transform of this equation, we obtain

. 1 ° Ba, . 1 da, ,
22j P () A, (y) = E/ B_yl ety +— 3—y’ e dy
—00 0

)

The first integral on the right-hand side can be defined using the
boundary condition upstream of the trailing edge, but the second
integral is unspecified. However, the acoustic field has outgoing
wave behavior, and this implies that da, /dy ~ exp(—cx) for large
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values of x > 0, where c is a positive constant. The second integral
therefore converges'* when Im(y) > —c. The second integral can
then be defined as the function B, (y) thathas no singularitiesin the
region of the complex plane where Im(y) > —c. Similarly, in the
upstream region, the pressure, and hence the pressure discontinuity
Aa,, must decay as exp(cx) for large values of x < 0. Hence the
integralthatdefines A, [see Eq. (12)] will convergewhenIm(y) < c.
Finally, by using the boundary conditionto evaluate the first integral
on the right-hand side of Eq. (17), we obtain

L[ 29y ey, _ 160QFp exXpli(rd = )/ h]

2 ) oy 27i(y +7.)
(18)
2
Im(y +y.) <0, £, = (% + Vcd/h>

Consequently, there is a region of the complex plane defined by the
strip —Im(y,) > ¢ > Im(y) > —c where the functionsin Eq. (17) are
not singular, and this is defined as the strip of analyticity.

To obtain a solution for A ,, we will use the Wiener Hopf method,
which requires that we split the function j into two parts such
that j@ = J"J” The first part J."” is defined so that it has no
singularities or zeros when Im(y ) > —c, whereas the function J»
has no singularities or zeros when Im(y) < c. We then rearrange
Eq. (17) as

i§,0F, e'sr B, (y)
Cm2iy +y) I () 2w ()

To obtain a Wiener Hopf equation, we will separate the terms in
this equation that are singular in either the upper or lower halves of
the complex plane. First we note that the term on the left-hand side
has no singularitiesin the lower half of the complex plane, whereas
the last term on the right-hand side has no singularitiesin the upper
half of the complex plane. The first term on the right-hand side has
a simple pole at y = —y, that lies above the strip of analyticity and
hence can be regarded as lying in the upper half of the complex
plane. Subtracting a term from both sides of Eq. (19), which cancels
the contribution from the pole at y = —y, on the right-hand side of
Eq. (19), allows us to define a Wiener Hopf equation in which the
left-hand side has no singularities in the upper half of the complex
plane and the right-hand side has no singularities in the lower half
of the complex plane. The right-hand side of the equation will be

igp QFp e[Ep)’()
Q)Y + ¥ (—v)

The singularitiesof J_ A, must therefore be canceled by the second
termin thisequation. When the inverse transformof A , is evaluated,
only the singularities in the complex plane will contribute, and so
the two terms in Eq. (20) can be equated giving

i§,0F, eiéryo
Qm)2i(y + v )P (—=y) I ()

We have now obtained the solution we require, and the scattered
acoustic field is given by substituting Eq. (21) into Eq. (14) and
summing over all terms p.

We are most interested in evaluating the acoustic field down-
stream of the trailing edges, and this can be obtained by evaluation
of the integralin Eq. (14) using a contour closed in the lower half of
the complex plane. The only singularitiesthat contribute to these in-
tegrals are those associated with the function k”, which has simple
polesat the locations y =y, , . The residues at these singularities
are defined in Appendix A, and evaluation of the contour integral
gives the scattered field as

JP A, (y) =

19

TP (A, () - (20)

Ap()’) =

@D

hm Z exp(—iwt +ivz)

p.n

ps =

i£, QF,K,, exp|i&,yo — iy, (x — yd/h) — 2mimy/Bh]
Q)i (v, + ve) I (=v) I (vr)

(22)
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where m =nB + p. This result is simplified if we note that the
functions J” = J"B*? 5o the summation over n can be carried

out for each fixed value of m giving

_ —2mi
ps = Bh

> QH,(v.) exp(—iwt + ivz)

K, exp[—i}/m‘ (x —yd/h)— 2nimy/Bh]
@2 (v + v ) (v I (v

(23)

where

Hy(ye) =B Y it n Fu_np eXp(—ifu_usy0)  (24)

Equation (23) represents the result for the scattered field that prop-
agates downstream from the cascade. It is given in terms of a set of
modes whose amplitudes are defined by each term in the series. The
function H,, is given by a series summation that is slow to converge
as defined by Eq. (24) and is more easily evaluated by noting that

9 .
Hy (o) = B~ > Fou s explify s ¥0) (25)
0 n

The summation in Eq. (25) can be turned into a rapidly convergent
series by using the Poisson sum formula. To demonstrate this, note
that, if the function f(y) = f(y+ Bh) canbe expandedin a Fourier
series with coefficients F,, then it follows that we can define a
function

1 B—1
Su) =7 D f G +kh)expinmk/B)
k=0

=Y F,_upexpl—2mi(m —nB)y/Bh]

In this case, the function f () canbe obtained from Eq. (7) and may
be written in the form

f() = expliy.yd/h) ) exp(—iy.mBd + it.|y — mBh|)

It then follows that
=
Sn) =5 D D expl-iveyd/h +iy.(k — mB)d
k=0 m

+ilely — (k —mB)h|]

This series converges rapidly because ¢, is imaginary and approxi-
mately equal to i y,. In the limit that y.2 > 1, only the terms k = 0
and m = 0 will be important provided that |y,| < h. The function
H,, can be approximated as

d
Hm(yc) = Bgsm(—%) eXP(’VeYOd/h) ~ l{c eXP(’erOD (26)
0

which is independent of the mode order and greatly simplifies the
evaluation of Eq. (23).

ITI.  Single-Airfoil Scattering Response
We wish to compare the results obtained for the cascade with
the trailing-edgenoise from a single blade with the same boundary-
layer excitation. To achieve this, we will apply the same analysis
but will use only one blade so that the incident field given by Eq. (7)
includes only the m = 0 term of the series. The boundary condition
then gives

ap;

5 =i¢.Qexp(—iwt +ivz+iy.x +is.Yy), x<0 (27
y

The Fourier transform of the pressure discontinuity across the blade
B(y) is then obtained in the same way as in the preceding section
with k(y, y) = sgn(y) exp(i¢|y|)/4m. We then obtain a result that
is equivalentto Eq. (21) as

_ i;.Q
Qm)%i(y + )G (—=v)G_(y)

B(y) (28)

where G, G_ = i{ /4m and can be defined as

G.(y)=>0B/An)Vy — kM +«,, G_(y)=+ke—y+KkM

(29)
The scattered field can then be evaluated from the integral
ps = exp(—iwt + ivz)%(y)
00 —iT .C _ +_.C 0_+
X/ i Q:f(p( fyx +igy, +iglyl) dy (30)
—so—ic 2Ty + )G (=y)G_(¥)

When a single blade is mounted in a rotor, we can specify an
equivalent cascade that is the superposition of the fields from the
single blade at intervals corresponding to one rotor diameter. The
scattered field can then be defined as

ps = exp(—iwt +ivz)

N /w‘” if.Qexp[—iy(x — yd/h) +ig )
coomic @MY + v)G i (—v)G_(y)

27ko(y, y) dy

31
where
1 o0
ko(v,y)=— Y sgn(y —nBh)
dm =
x expl—iy(y —nBh)d/h + ity — nBh|] (32)

In the region downstream of the trailing edge, this integral is eval-
uated using a contour in the lower half-plane and has singularities
only at the poles of k. If we compare the definition of the function
ko with the function K’ defined in Appendix A [Eq. (A3)], we see
that the poles of k, are located at the solutions to

+¢h+yd =2am (33)

and so the scattered field is of the form

(—2mi)
Bh

ps = exp(—iwt +ivz)

y Z ii. QK exp[—iym‘(x —yd/h) —2mwimy/Bh + i{cyo]
" Q@)% (v, + v) G (=7G-(7,,)
(34)

This result shows that the field downstreamof the trailingedges is
purely modal. However, that is not the case in the upstream direction
for which theintegralin Eq. (31)is closedin the upperhalf-planeand
must circumscribe the branch cut associated with the function G _.
The presence of the branch cut is required to satisfy the boundary
conditions on the surface of the isolated blade. Interestingly, this is
not the case for the full set of blades where the upstream field is
purely modal. This is demonstrated by the evaluationof the integral
given in Eq. (14), using a contour closed in the upper half-plane.
Inspectionof Egs. (21), (A3), and (B7) shows that this is determined
only by the zeros of J? for which the wave numbers correspond
to ducted modes between the cascade blades, i.e., { = mmw/Bh.

By comparing this result with Eq. (23), we see that we can define
a correction factor for each mode that gives the ratio of the modal
amplitude for a cascade of blades to the result obtained for a single-
bladed rotor. The modal correction factor is given as

_|En )G (=16 (v)
I =y (vy)

(3%

m

This is the primary result of this paper. It shows how the trailing-
edge noise from a single-bladed rotor has to be modified to allow
for additional scattering by the adjacent blades. The expression is
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given in terms of the modal amplitudes and depends crucially on
the functions J.., which determine the cascade response.

IV. Results and Discussion

First we will compare the result obtained for a single blade in a
ducted configuration, Eq. (34), with earlier results’>> obtained for
trailing-edge noise from a semi-infinite flat plate. The result given
by Eq. (30) can be shown to be identical to the result given by
Amiet? for a convected pressure disturbance past the trailing edge
of a semi-infinite flat plate. The scaling of the sound power with
flow velocity and far-field directionality will therefore be identical
to that given in previousstudies. When this resultis putinto a modal
form [Eq. (34)], the scaling with flow speed is more subtle. At low
Mach numbers, we cantake y, > y, £, and for eachmode specified in
Eq. (34), the only terms that do not scale with the Strouhal number
y.h are K} and G_. At high frequencies, K} is independent of
frequency, and G_ scales as w'/2. The pressure spectrum scales
as U2, and so combining these results, we expect each mode to
increase in amplitude as U*/2. To estimate the sound power output,
we note that each mode will contribute independently to the sound
power from the cascade, and the number of modes in the summation
givenby Eq. (34) will increaselinearly with the frequency. However,
we cannot ignore the spanwise modes that are determined by the
spanwise extent of the blade and further increase the modal density
such that the total number of modes increases with the square of
the frequency. The modal sound power therefore will scale as U3,
as is expected for an unducted blade.!>-3 The presence of adjacent
blades will alter these scaling arguments only by the effect of the
correction factor given in Eq. (35), which will be discussed in more
detail later.

Before the modal correction factor given by Eq. (35) is consid-
ered, the split functions J. must be evaluated, and these are given
in Appendix B. The same functions are required for the calcula-
tion of the cascade response function for an incoming vortical or
acoustic disturbance, and in another study, routines were developed
to evaluate these functions. This code was verified by comparison
with published calculations,'® ! and exact agreement was obtained.
However, the computation of these functionsrequires the evaluation
of an infinite series that is slow to converge, but an alternate sum-
mation is possible that gives the exact result for the amplitude of
these functions from a finite series of terms, and this is discussedin
Appendix B.

To illustrate the behavior of the split functions, Fig. 2 gives a typ-
ical calculation of J, (—y,)J_(y) for a given frequency and Mach
number. At wave numbers that lie in therangex, +«M <y <k, +
kM, the functionis oscillatory with multiple peaks and zeros, and it
is thisresonanttype of behaviorthat determinesthe value of Eq. (35).
Outside of this range, the functions have algebraic growth, and this
is seen by the trends in the curves for large and small arguments.
Peake!? has derived asymptotic expressions for the evaluation of
this function, and by using his results, we can obtain a first-order
approximation that is of the form

G (=v)G_(v)
(m) (m) = a

Using the approximation (36) then allows us to define

Cm ~ |1 - eZi(mhl (37)
30
S
=
10
N Fig.2 Splitfunctionsasa
k=1 0 function of wave number.
b Calculations are for kh =
43 10 8.15,d/h = 1.6, v = 0, and
S M=05.
230 L— |
-2 0 2
14
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Fig.3 Cascade correction factor as a function of nondimensional fre-
quency based on blade spacing. Calculations are for d/h = 1.6, m = 0,
v =0,and M = 0.5; —, exact result, and ——, approximation by
Eq. (37).
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Fig. 4 Cascade correction function as a function of nondimensional

frequency based on blade spacing. Calculations are for d/h = 1.6;m =
0;v=0;and M = 0.3,0.5,and 0.7.

where ¢, is the value of ¢ evaluated when y =y, . Equation (37)
illustrates the dependence of the result on the parameters involved.
It shows that C,, is oscillatory and lies in the range 0-2. The approx-
imation is compared with exact calculations in Fig. 3 for a single
mode (m=0,v=0, M =0.5,andd /h = 1.61). First, note the nulls
in these results that correspond to the zeros of Eq. (37), and second,
the cascade correction gives up to 6-dB increasesover and above the
level from a single blade. This clearly will have an important effect
on the levels of radiated noise from the cascade. The approximation
given by Eq. (37) is not particularly accurate as shown in Fig. 3
but correctly identifies the more important features of the cascade
response.

The approximation (37) suggests that the modal corrections are
relatively independent of Mach number, and this is illustrated in
Fig. 4, which shows the modal correction factor for the zero-order
mode at three different Mach numbers. The nulls in these curves
occur at different frequencies due to the change in «/ for a fixed
Strouhal number, but the maximum level of the correction factor
remains the same for all Mach numbers considered. Consequently,
the additional scattering by adjacent blades is not expected to alter
the U3 scaling obtained from the theory for isolated blades.

A physicalexplanationof the effect of adjacentblades on trailing-
edgenoiseis illustrated in Fig. 5. On an isolated blade, the turbulent
flow in the vicinity of the blade trailing edge causes an edge dipole
whose axis is oriented normal to the flow direction. The presence of
adjacent blades provides multiple reflecting surfaces as illustrated
inFig. 5, butto a first approximation, the effect of the cascadecan be
approximated by placing an infinite reflecting plane at the location
of the closest neighboring blade. The reflected field is then given
by an image dipole at a distance y =2h above the trailing-edge
dipole, and this simplified model gives the approximate correction
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Scattering of TE noise
from a Cascade

Scattering of TE noise
[rom an infinite plane

Fig.5 First-order approximationof trailing-edgenoise scattering from
a cascade (top) given by the scattering by the closest blade as if it were
a rigid plane (bottom).

factor(37). The presence of additionaltrailingedges accountsfor the
differencesbetween the exact solution and the approximate solution
as illustrated in Fig. 3. However, the simplified model given here
explains the maximum amplification and the dips in the spectra that
can be expected from adjacentblade scattering.

Finally, it is of interest to verify that the modal solution of the
scattered field satisfies the Kutta condition at the trailing edge of the
blades. The Kutta condition is satisfied if the flow velocity induced
by each mode in the direction normal to the blade chord tends to
zero just downstream of the trailing edges. To verify that this is
the case, consider the linearized form of the momentum equation,
which relates v, the flow velocity in the y direction, to the pressure
gradient as pyDov/Dt = —dp,/dy. Considering Eq. (16), we find
that, for each term in the series expansion of the incident field, the
normal velocity can be defined as

—00+itT lpo(w+VU)

From the theory of Fourier transforms, this velocity will tend to zero
as x*~ ! if the integrand is of order y ™ when y tends to infinity.
Therefore, to satisfy the Kutta condition, we require that @ > 1, and
this is ensured from the asymptotic forms of Egs. (21), (A8), and

(B12), which give j» ~y and A, ~y %2,

V. Conclusion

The analysis given in this paper has identified the effect of adja-
cent blade scattering on trailing-edge noise. The results have been
compared with the radiation from a single blade. The Mach num-
ber has been found to have a relatively weak effect on the results,
and so scaling with flow speed will be unaltered by the effect of
adjacent blades unless there is an additional Reynolds number ef-
fect that is not considered here. The dominant mechanism for the
additional scattering is shown to be caused by the presence of the
closestneighboringblade acting as a hard reflecting plane, and this
causes increasesin levels of up to 6 dB and interferencedips or nulls
in the spectra.

Appendix A: Evaluation of the Response Function
In this Appendix, we will evaluate Eq. (13), which is defined as

1 oo oo +it )
a],(x, Y) = E / / —I(XA],()/)
—00 J—oo+irt

y > expl—iy(x —nd) —ia(y —nh) +inc] d
o
(@+yU)fcd —y? — a2 =12

dy

where o0 = —2mp/B. The integral over « is evaluated using the
residue theorem and gives

1 oco+it 0
ap(x,y)=5/ A, (y)expl—iy(x —yd/h)] Y sgn(y—nh)

oo +it n=—o0
x exp[—iy(y —nh)d/h +it|ly —nh|+inc]ldy (A1)

where ¢ = /(0 + yU)?/c3 — y* — v?. We will choose the branch
Im(¢) > 0 and require w to have a small positive imaginary part so
that the summation in Eq. (A1) converges. The summation can be
evaluated by using the result

= 1
Zz” = , lz| <1
n=0 I_Z
so that when 0 < y < h, we obtain
Z sgn(y —nh)exp[—iy(y —nh)d/h +i¢ly — nh| +ino]

__expl—i(yd —¢h)y/h]
T 1 —exp(ich —iyd —io)

_ expl—i(yd+¢h)(y/h — 1) +io]
1 —exp(i¢h +iyd +io)

By making use of this result, we can write Eq. (13) as
co+it
a, = / 2k (y, y)A,(y) expl—iy (x — yd/h)]dy (A2)
—oo+irt
where the function k” is defined as

1 [ exp[—i(yd — ¢h)y/h] ]

k(P _ —_—
O = T\ T explich —ipd —io)

L{CXP[—i()’d T G/h—1) +io] } (A3)

s 1 —exp(i¢h +iyd +io)

This function has poles in the complex plane that occur at the solu-
tions to

*th+yd+o =2an

and because the interblade phase angle is —27p/B, these can be
defined as

yniB-%—p:_A:t AZ_CZ
Ao —2n(p +nB)d/Bh — whM /c (A4)
h(l+d2/h2 — M?)
o2 2m(p +nB)[BRY 4 — /cy)?

(1 +d2/ > — M?)

where the superscriptrefers to solutionsin the upper or lower halves
of the complex plane, respectively. The residues of 27k at these
poles are defined as K%, | exp[—2mi(nB + p)y/Bh]/h in which

nB+p

L%l { h }
" 20 |[Pch £ yd)/ay]l,_ -

B —(yEd —27m/B) [2i
(kM — yE) — (d/h)(yEd — 2wm /B)

(AS)

where
B2=1-M? Kk =w/ B

Note that both K- and y," are functions of Bh and d / h will be un-
altered if the blade number is changed for a given rotor diameter.
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By differentiating Eq. (A2), we obtain

aaj oco+it , )
a—y’ = / 2k” (v, ) A, (y) expl—iy (x — yd/h)]dy

—00 +iT
(A6)
where
o igexp[—i(yd — ¢h)y/h] ]
KRy = [l—exp(tfh—tyd io)
+L{i§ CXP[—i()’dT*‘Ch)(.Y/h—.1)+icr]} (A7)
4 1 —exp(i¢h +iyd+io)

and for the particular case when y = 0, we can define j(y) =
k" (0, y), where

j(p) =i_§
JP ) yp

(1 2[{'}1)
x {[1 —exp(i¢ch —iyd —io)][l —exp(i¢h +iyd +io)] }
(A8)

Appendix B: Split Functions
The response of a linear cascade of blades to an upwash gust is
discussedby Koch!! and Peake!? and depends on the split functions
Ji”), which are defined as the Wiener Hopf factorization of the
function j given in Eq. (A8). This can be rewritten as

p) _ ; Sln(;l’l) } _ ~
= {COS(Ch) — cos(¢d + p) E =Py =8
(B1)
where
M:U/CO, ﬁ2=1_M2 K:a)/coﬁz
o = = /By, E=y—«kM (B2)
p=0+«kMd, o =—27p/B

To obtain the split functions Ji”)(y), we first consider the func-
tion ¢ sin¢h, which can be expanded as an infinite product. The
expansion is

¢singh =k, sin(k, hpB) ﬁ (1 — 9%) (1 — 1%) (B3)

m=0

where

=—,/k2— (mx/Bh)?, = /k2— (mm/Bh)? (B4)
are the zeros of the function.

The denominator of j”’ may be expanded in a similar fashion
giving

cos(¢h) — cos(§d + p) = [cos(k.Bh) — cos(p)]

5)@
1 ——= B5
T 05 @

where C is a constant that can be shown to be zero and n are the
zeros of the function defined as

77,::= _fm SinXe:tCOSXe\/ng_f;,%» fm=

o+kMd—-2mm

N
(B6)
andtany, =d/hp.

These expansionsclearly define the zerosand poles of the function
jP, and so to obtain the factorization, we can separate out two sets
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of functions that only have zeros or poles in either the upper or the
lower halves of the complex y plane. This gives the factorizationas

K, B sin(k,hp) o1 —&/6,) o0
4rr[cos(k.hp) — cos()] TT>___ (1 —&/n;)

Ji(y) =

(B7)
,ff_o(l §/0n) o

g/

The function ® must be chosen so that both J” and J% have
algebraic growth as £ tends to infinity and is given by

J(y) =

@ = (—i§/m)[hplog(2cos x.) + x.d] (B3)

The expressions given by Eq. (B7) include infinite series that are
slow to converge and so can cause numerical inaccuracies. How-
ever, an accurate form of the split function can be obtained by only
considering the magnitude of these functions for real values of y.
To demonstrate this, we rearrange Eq. (B3) to define the terms of
the series for which the coefficients 8,, and 9, are imaginary:

me-2)0-5)

_ { sin¢h (B9)

keBsin(e.hB) [T —o [1— (5/6.)][1 — (£/9)]

where M is chosen so that M > k.hp. Because 6,, =¥} for all of
the terms on the left-hand side, and we have defined & as real, we

find that
2
§ N &
(1 9m> _ml:[M (1 ﬁrn)
inch
_ ¢sing (B10)

kB sin(ehp) [T —o [1— (6/6,)][1 — (6/94)]

The magnitude of the slowly converging part of the series on the top
line of Eq. (B7) is therefore defined exactly by a series with a finite
number of terms. Similar arguments may be applied to Eq. (B5) to

105 =TI 0-)

_ cos(¢h) — cos(éd + p)
[cos(k.hB) — cos(p)I [Ty, 41 [1 = &/m)][1 = (&/n;,)]
(B11)

0 2

[

m=M

2

n=—00m= n=—00m=

where M| and M, are chosen so that f,, > «, for m < M| and
m > M,. By substituting the expressions (B10) and (B11) into the
definition of J”(y), we obtain

19| = | [COS(Kehﬁ)—COS(p)}

K. B sin(k,hB) | cos(¢h) — cos(Ed + p)

ol—

a—g/v) "5t [1=(5/n,)]
1_[ (1_ /gm) m= 1_[

—_— (B12)
m=0 My +1 [1_($/nn1)]

and J'” can be calculatedfrom | j” () /J” (y)|. This gives an ex-
act expressionfor the split functions that is convergentand requires
only a finite number of terms to be evaluated. It offers an enormous
improvement in computational effort compared with other proce-
dures for calculating this function but unfortunately only gives the
magnitude of the function on the real axis.

There are two problems when evaluating IJE”)()/)I numerically.
First, at the mode wave numbers y = & +«M = 5, + kM, the
representation given by Eq. (B12) is indeterminate, and second,
singularities can occur when & = 6,,. To avoid these problems, the
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singularpoints are moved off the real axis by giving ., a small imag-
inary part and restricting y to the real axis. Numerical calculations
have shown that multiplying «, by (1 + ig) with ¢ ~ 1072 gives a
convergentresult.
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