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Airfoil Self-Noise Generated in a Cascade
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Self-noise from fans and rotors is generated by blade boundary-layer turbulence interacting with the trailing
edges of the blades. Previous theories describing this mechanism have considered only an isolated airfoil and have
shown that acoustic scattering from the sharp trailing edge is responsible for the sound that propagates to the far
� eld. In aeroengine applications, fans or stators have relatively high solidity, and there will be acoustic scattering
from adjacent blades as well as the blade locally excited by the � ow. The theory is given for self-noise from a fan
modeled as a linear cascade of semi-in� nite � at plates. The magnitude of the self-noise mechanism is compared
with the � eld that would be generated by a single airfoil without adjacent blade scattering.

Nomenclature
Ap. / = wave number transform of blade loading
ap = pressure of excited mode
B. / = wave number transform of blade loading for a single

blade
b = blade span
c0 = speed of sound
D0 f=Dt = @ f=@ t C U @ f=@x
d = blade overlap distance (see Fig. 1)
h = blade spacing (see Fig. 1)
J§. / = split function de� ned as j D JC J¡
j . / = response function de� ned in Appendix A
K §

m = modal residue de� ned in Appendix A
k0;1. / = response function de� ned in Appendix A
M = Mach number of � ow
m = integer, mode order
n = blade number (see Fig. 1)
p = integer de� ning the incident mode orders
pi ; ps = acoustic pressure perturbationsof the incident and

scattered � elds, respectively
Q; q = source strength
s = blade spacing
Ti j = Lighthill’s stress tensor
t = time
U = uniform � ow velocity
yi = position coordinates, .x; y; z/
y0 = location of source layer
® = wave number in the y direction
¯ =

p
1 ¡ M2

° = wave number in the x direction
°c = wave number of incident � eld in the x direction
1pn = pressure jump across each blade
³ = [.! C ° U /2=c2

0 ¡ ° 2 ¡ º2]1=2

· = !=¯2c0

·e = [·2 ¡ .º=¯/2]1=2

º = wave number in the z direction
½0 = density
½ 0 = density perturbation
Â = stagger angle tan¡1.d=h/
! = angular frequency

I. Introduction

B ROADBAND noise from fans and rotors is generated by the
interactionof surfaces with turbulent � ow. When the turbulent
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� ow is generated by the blade boundary layers, the mechanism is
de� ned as self-noise and will be the only source mechanism when
the � ow upstream of the fan is undisturbed.The turbulent � ow gen-
erated by the blade boundary layers is convected subsonically and
is an inef� cient sound source in regions well away from the blade
trailing edge. However, the boundary layer induces a surface pres-
sure that is supported by the blade but cannot be supported by the
wake. The sudden adjustment between these two situations gener-
ates waves that can propagate ef� ciently to the acoustic far � eld.
The theory for trailing-edgenoise for a single airfoil has been stud-
ied extensively1– 6 using Lighthill’s acoustic analogy. Each of these
theories treats the trailing-edge interaction problem in a slightly
different way, but essentially they all come to the same conclu-
sions, giving results with the same far-� eld directionality and � ow
speed dependence. It is shown that the primary noise generation
mechanism is the acoustic scattering of � ow disturbances at the
trailing-edgediscontinuity.

The theories of trailing-edgenoise were originally developed for
estimating the broadbandnoise from open rotors and aircraft wings.
In these situations, the blades may be considered to be large com-
pared with the scale of the turbulent � ow. The trailing-edge inter-
action is well modeled by replacing the blade with a semi-in� nite
� at plate in an otherwise homogeneousmedium. However, in aero-
engine applications, fan blades cannot be considered in isolation.
The blade trailing edges are often separated by distances that are
smaller than the acousticwavelength,and so theremay be near-� eld
scatteringof the turbulent� ow noise by more than one trailing edge.
To accountfor this additional interaction,the fan can be modeled by
a cascade of blades as shown in Fig. 1. Trailing-edge scattering of
the acoustic � eld generated by the � ow must satisfy the boundary
conditions on all of the blades in the cascade, as distinct from the
single-airfoil theory, where the boundary conditions need be satis-
� ed on only one of the blades. In this paper, we will investigate the
correction that must be applied to single-airfoil theories to account
for scattering from a cascade of blades.

The theory developed by Amiet3 ;4 for self-noise from a single
blade speci� es the acoustic � eld in terms of the convected surface
pressure below the blade boundary layer. To develop a theory for
self-noise generated by a cascade, we will use the same approach.
However, the difference between an isolated blade and a cascade
is that the former radiates waves that propagate spherically to the
acoustic far � eld, whereas the cascade generates acoustic modes
that are bounded and propagate with minimal attenuation. In the
following sections, we will derive an expression for these acoustic
modes for a speci� ed convectedsurfacepressureon oneof theblades
in thecascade.To illustratetheeffectof thecascade,we will compare
the resultswith the self-noise from a singlebladed fan with the same
diameter in which adjacent blade interferenceeffects will not occur
but the acoustic � eld will still be modal. The ratio of these two
results will then show the importance of multiple blade interactions
on self-noise from a fan.

As stated earlier, most of the theories for trailing-edgenoise have
modeledthebladeas a semi-in� nite � at plate.Amiet3;4 also included

1575



1576 GLEGG

Fig. 1 Cascade model.

the effect of � nite blade chord, but this is important only at low fre-
quencies.In the cascade,waves travelingupstreamare trappedin the
blade passagesand can propagate to the leading edge without atten-
uation. At the leading edge, the trapped waves will be re� ected and
propagate in the downstream direction, interacting with the trailing
edge again and radiating away into the region downstream of the
cascade. However, in this paper, we will model the blades using � at
plates of semi-in� nite chord so that we can identify the effects of
the trailing edges in isolation. The importance of the leading-edge
interaction will be considered in a subsequentpublication.

To predict airfoil self-noise, the details of the � ow close to the
trailing edge of the blade must be known. In this region, viscous
effects are important, and � ow separation can occur, causing large
turbulentmotions of the � uid. Predicting the unsteady nature of this
� ow� eld at high Reynoldsnumbersand Mach numbers,particularly
at high angles of attack, is currently not possible. To address this
problem, Brooks et al.7 have developeda semiempiricalmethod for
the prediction of airfoil self-noise that is based on an extensive set
of measurements of the self-noise generated by different types of
isolatedairfoils.Their measurements were made at a single point in
the acousticfar � eld, and the restof theacoustic� eld is inferredfrom
the theoretical directivity patterns given by Amiet.3 ;4 In the case of
a cascade, the � ow will scale differently from an isolated airfoil due
to the proximity of the adjacent blades, and the importance of this
has yet to be identi� ed.

Acoustic waves generated by cascades of � at plates subject to
an incident acoustic or vortical wave have been studied by Kaji
and Okazaki,8 Mani and Horvay,9 Smith,10 Koch,11 and Peake.12

In all of these studies, the incoming disturbance was assumed to
be generated far upstream or downstream and to have no spanwise
variation. Various analytical methods have been used to obtain the
solution, including collocation methods10 ;11 and the Wiener Hopf
approach.9;11;12 In this study, we are concerned with scattering of
sound generated by a source that is next to the trailing edge of only
one of the blades, and so both near-� eld and spanwise propagating
waves will be important. The theory that is developed in Sec. II
addresses both of these issues and is fundamentally different from
the analyses cited earlier8 – 12 because the cascade is excited by a
near-� eld rather than a far-� eld source. In Sec. III, we will develop
the theory for a single blade with the same source terms as were
used in Sec. II so that the cascade correction factor may be derived.
The most important result of this study is given by Eq. (35), which
de� nes the ratio of the acoustic mode amplitudes for a multiple-
bladed rotor relative to a single-bladed rotor. This shows the effect
of the cascade response function for any type of trailing-edge � ow,
and the interpretationof this result is given in Sec. IV.

II. Trailing-Edge Noise from a Cascade
We will de� ne the acousticpressure� eld generatedby a turbulent

� ow near a cascade of blades (Fig. 1) by solving Lighthill’s wave
equation,which is de� ned for stationarysurfaces in a uniform mean
� ow as13

QD
2

0½0

QDt 2
¡ c2

0
Qr2½ 0 D @2Ti j

@yi @y j
¡ @

@y
n

1pn±.y ¡ nh/ .1/

On the left-hand side of this equation, the acoustic variable is de-
� ned as the density perturbation that, in low-Mach-number � ows,
is directly proportional to the acoustic pressure perturbation ½ 0c2

0 .
We have also speci� ed the wave equation in its convected form so
that the quadrupolesource term Ti j is de� ned using the velocityper-
turbations relative to a uniform � ow velocity U . The terms on the

left-hand side are de� ned using generalized derivatives so that the
second source term on the right-handside is included to account for
thediscontinuityin pressurebetween theupperand lower surfacesof
each blade. We will solve this equation by considering the acoustic
� eld to be the sum of an incident � eld generated by the quadrupole
sources in isolation and a scattered � eld that is the sound generated
by the pressure discontinuity.The acoustic pressure perturbationof
the incident � eld then satis� es the equation

1

c2
0

QD2

0 pi

QDt 2
¡ Qr2 pi D

@2Ti j

@yi @y j
.2/

We will assume that the quadrupolesourcesare con� ned to a bound-
ary layer above the n D 0 blade and use the principle of superposi-
tion as described by Howe5 to de� ne the source term in Eq. (2) in
the form

@2Ti j

@yi @y j
D

1

¡1

1

0

1

¡1
q.°c; y0; º/±.y ¡ y0/

£ exp[i°c.x ¡ Uct/ C ivz] d°c dy0 dº (3)

where it is assumed that the turbulenceis convectedat a mean speed
Uc that is slightly lower than the � ow speed outside the boundary
layer.

To simplify the analysis, we will limit consideration to only one
harmonic component so that

@2Ti j

@yi @y j
D q.°c; y0; º/±.y ¡ y0/ exp.¡i!t C i°c x C ivz/ .4/

with the understanding that the � nal results will be integrated over
°c; y0, and º as in Eq. (3) and that ! D °cUc. By introducing this
source term in Eq. (2) and using Fourier transforms, we obtain a
solution in the form

pi D Q exp.¡i!t C i°c x C i³cjy ¡ y0j C iºz/ .5/

where

³c D
p

.! ¡ °cU /2 c2
0 ¡ ° 2

c ¡ º2; Im.³c/ > 0 .6/

and Q D iq=.2³c/. Because the convection velocity is subsonic,
°c > !=c0 , and it follows that ³c is imaginary. The acoustic � eld
generated by this disturbance therefore decays evanescently on ei-
ther side of the boundary layer.

The linear cascade shown in Fig. 1 is an unwrapped model of a
rotor, and so if the rotor has B blades, then the incident � eld will
be de� ned by the superposition of identical source distributions
periodically spaced at intervals of Bh . The incident � eld is then

pi D Q exp.¡i!t C iºz/

£
m

exp[i°c.x ¡ m Bd/ C i³c jy ¡ y0 ¡ m Bhj] (7)

This result shows that the incident � eld is periodic and so can be
expressed as a Fourier series in the form

pi D Q exp[¡i!t C iºz C i°c x ¡ i°c.y ¡ y0/d=h]

£
p

Fp exp[¡2¼ i p.y ¡ y0/=Bh] (8)

where the coef� cients Fp are de� ned from Eq. (7). By considering
the incident � eld in detail and invoking the periodicity condition,
we have been able to de� ne the incident � eld from a sound source
in the near � eld as a set of harmonic waves in space and time. This
is important because it allows us to use many of the concepts of
traditional cascade � ow analysis to solve this problem.

The scattered� eld is speci� edby the solutionto thewaveequation

1

c2
0

QD2

0 ps

QDt 2
¡ Qr2 ps D ¡ @

@y
n

1pn±.y ¡ nh/ .9/

subject to the boundary conditions on the blade surface and down-
stream of the blade trailing edges. These impose the conditionsthat
the pressure gradient must be zero in the direction normal to the
blade surfaces, and that there can be no pressurediscontinuityin the
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blade wake. We must therefore seek a solution to Eq. (9) subject to
the boundary conditions

@pi

@y
C @ps

@y
D 0; x < nd; y D nh

(10)
1pn.x/ D 0; x > nd

To obtain a solution for the scattered � eld, each term of the Fourier
series (8) will be treated separately so that the scattered � eld is
expanded in the series

ps D exp.¡i!t C iºz/
p

ap.x; y/

(11)
1pn.x/ D exp.¡i!t C iºz/

p

1a.n/
p .x/

For each term in the expansion given by Eq. (8), the incident � eld
on each blade surface has the same amplitude but will be shifted
in phase. At the same location relative to the blade trailing edge
(x ¡ yd=h D const), the phase shift on the blade number n relative
to blade n D 0 will be n¾ D ¡2¼np=B. Consequently, it follows
that the response of each blade to each incident wave component
will be related by 1a.n/

p .x/ D 1a.0/
p .x ¡ nd/ein¾ . The solution to

Eq. (9) is then obtained by de� ning the Fourier transforms

Qap.°; ®/ D 1

.2¼/2

1

¡1

1

¡1
ap.x; y/ exp.i° x C i®y/ dx dy

(12)

Ap.° / D 1
2¼

0

¡1
1a.0/

p .x/ ei° x dx

so that

ap.x; y/ D 1
2¼

1

¡1

1 C i¿

¡1 C i ¿

£
¡i®A p.° / n exp[¡i° .x ¡ nd/ ¡ i®.y ¡ nh/ C in¾ ]

.! C ° U /2 c2
0 ¡ ° 2 ¡ ®2 ¡ º2

d® d°

(13)

The integral over ® can be carried out by using a closed contour
in the upper or lower halves of the complex plane and applying
the residue theorem. Furthermore, we can evaluate the summation
analytically and write the solution in the form

ap.x; y/ D
1 C i ¿

¡1 C i¿
exp[¡i° .x ¡ yd=h/]2¼k.p/.y; ° /A p.° / d°

(14)

where the function k.p/ is de� ned by the summation

k. p/.y; ° / D 1

4¼

1

n D ¡1
sgn.y ¡ nh/

£ exp[¡i° .y ¡ nh/d=h C i³ jy ¡ nhj C in¾ ] (15)

which is evaluated in Appendix A. The pressure gradient in the
direction normal to the surface of the blade located at y D 0 is then
de� ned using

@ap

@y
D

1 C i ¿

¡1 C i¿

e¡i° x 2¼ j .p/.° /A p.° / d° .16/

where j . p/.° / D @k.p/.0; ° /=@y and is also de� ned in AppendixA.
Taking the Fourier transform of this equation, we obtain

2¼ j .p/.° /Ap.° / D 1
2¼

0

¡1

@ap

@y
ei° x d° C 1

2¼

1

0

@ap

@y
ei° x d°

(17)

The � rst integral on the right-hand side can be de� ned using the
boundary condition upstream of the trailing edge, but the second
integral is unspeci� ed. However, the acoustic � eld has outgoing
wave behavior, and this implies that @ap=@y » exp.¡cx/ for large

values of x > 0, where c is a positive constant. The second integral
therefore converges14 when Im.° / > ¡c. The second integral can
then be de� ned as the function BC.° / that has no singularitiesin the
region of the complex plane where Im.° / > ¡c. Similarly, in the
upstream region, the pressure, and hence the pressure discontinuity
1ap , must decay as exp.cx/ for large values of x < 0. Hence the
integralthatde� nes Ap [seeEq. (12)] will convergewhen Im.° / < c.
Finally, by using the boundaryconditionto evaluatethe � rst integral
on the right-hand side of Eq. (17), we obtain

1
2¼

0

¡1

@ap

@y
ei° x d° D

i»p QFp exp[i.°cd ¡ ¾ /y0=h]
2¼ i.° C °c/

(18)

Im.° C °c/ < 0; »p D 2¼p

Bh
C °cd=h

Consequently, there is a region of the complex plane de� ned by the
strip ¡Im.°c/ > c > Im.° / > ¡c where the functionsin Eq. (17) are
not singular, and this is de� ned as the strip of analyticity.

To obtain a solution for A p , we will use the Wiener Hopf method,
which requires that we split the function j . p/ into two parts such
that j .p/ D J .p/

C J . p/
¡ . The � rst part J .p/

C is de� ned so that it has no
singularities or zeros when Im.° / > ¡c, whereas the function J .p/

¡
has no singularities or zeros when Im.° / < c. We then rearrange
Eq. (17) as

J .p/
¡ .° /A p.° / D

i»p Q Fp ei»p y0

.2¼/2i.° C °c/J .p/
C .° /

C
BC.° /

2¼ J .p/
C .° /

.19/

To obtain a Wiener Hopf equation, we will separate the terms in
this equation that are singular in either the upper or lower halves of
the complex plane. First we note that the term on the left-hand side
has no singularities in the lower half of the complex plane, whereas
the last term on the right-hand side has no singularities in the upper
half of the complex plane. The � rst term on the right-hand side has
a simple pole at ° D ¡°c that lies above the strip of analyticity and
hence can be regarded as lying in the upper half of the complex
plane. Subtractinga term from both sidesof Eq. (19), which cancels
the contribution from the pole at ° D ¡°c on the right-hand side of
Eq. (19), allows us to de� ne a Wiener Hopf equation in which the
left-hand side has no singularities in the upper half of the complex
plane and the right-hand side has no singularities in the lower half
of the complex plane. The right-hand side of the equation will be

J .p/
¡ .° /Ap.° / ¡

i»p Q Fp ei »p y0

.2¼/2i.° C °c/J .p/
C .¡°c/

.20/

The singularitiesof J¡ Ap must therefore be canceledby the second
term in this equation.When the inverse transformof Ap is evaluated,
only the singularities in the complex plane will contribute, and so
the two terms in Eq. (20) can be equated giving

Ap.° / D
i»p Q Fp ei »p y0

.2¼/2i.° C °c/J . p/
C .¡°c/J .p/

¡ .° /
.21/

We have now obtained the solution we require, and the scattered
acoustic � eld is given by substituting Eq. (21) into Eq. (14) and
summing over all terms p.

We are most interested in evaluating the acoustic � eld down-
stream of the trailing edges, and this can be obtained by evaluation
of the integral in Eq. (14) using a contour closed in the lower half of
the complex plane.The only singularitiesthat contribute to these in-
tegrals are those associatedwith the function k.p/, which has simple
poles at the locations ° D ° ¡

nB C p . The residuesat these singularities
are de� ned in Appendix A, and evaluation of the contour integral
gives the scattered � eld as

ps D
¡2¼i

h
p;n

exp.¡i!t C ivz/

£
i»p Q Fp K ¡

m exp i»p y0 ¡ i° ¡
m .x ¡ yd=h/ ¡ 2¼ imy=Bh

.2¼/2i ° ¡
m C °c J .p/

C .¡°c/J .p/
¡ ° ¡

m

(22)
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where m D nB C p. This result is simpli� ed if we note that the
functions J .p/

§ D J .n B C p/
§ , so the summation over n can be carried

out for each � xed value of m giving

ps D
¡2¼ i

Bh
m

Q Hm.°c/ exp.¡i!t C ivz/

£
K ¡

m exp ¡i° ¡
m .x ¡ yd=h/ ¡ 2¼ imy=Bh

.2¼/2i ° ¡
m C °c J .m/

C .¡°c/J .m/
¡ ° ¡

m

(23)

where

Hm.°c/ D B
n

i»m ¡ nB Fm ¡ nB exp.¡i»m ¡ nB y0/ .24/

Equation (23) represents the result for the scattered � eld that prop-
agates downstream from the cascade. It is given in terms of a set of
modes whose amplitudesare de� ned by each term in the series.The
function Hm is given by a series summation that is slow to converge
as de� ned by Eq. (24) and is more easily evaluated by noting that

Hm .°c/ D B
@

@y0 n

Fm ¡ nB exp.i»m ¡ n B y0/ .25/

The summation in Eq. (25) can be turned into a rapidly convergent
series by using the Poisson sum formula. To demonstrate this, note
that, if the function f .y/ D f .y C Bh/ can be expandedin a Fourier
series with coef� cients Fp , then it follows that we can de� ne a
function

Sm.y/ D 1
B

B ¡ 1

k D 0

f .y C kh/ exp.2 i¼mk=B/

D
n

Fm ¡ n B exp[¡2¼i .m ¡ n B/y=Bh]

In this case, the function f .y/ can be obtainedfrom Eq. (7) and may
be written in the form

f .y/ D exp.i°c yd=h/
m

exp.¡i°cm Bd C i³c jy ¡ m Bhj/

It then follows that

Sm.y/ D 1
B

B ¡ 1

k D 0 m

exp[¡i°c yd=h C i°c.k ¡ m B/d

C i³c jy ¡ .k ¡ m B/hj]

This series converges rapidly because ³c is imaginary and approxi-
mately equal to i°c. In the limit that °ch À 1, only the terms k D 0
and m D 0 will be important provided that jy0j < h. The function
Hm can be approximated as

Hm.°c/ D B
@

@y0
Sm .¡y0/ exp.i°c y0d=h/ ¼ i³c exp.i³c jy0j/ (26)

which is independent of the mode order and greatly simpli� es the
evaluation of Eq. (23).

III. Single-Airfoil Scattering Response
We wish to compare the results obtained for the cascade with

the trailing-edgenoise from a single blade with the same boundary-
layer excitation. To achieve this, we will apply the same analysis
but will use only one blade so that the incident � eld given by Eq. (7)
includes only the m D 0 term of the series. The boundarycondition
then gives

@ps

@y
D i³c Q exp.¡i!t C iºz C i°c x C i³c y0/; x < 0 (27)

The Fourier transformof the pressurediscontinuityacross the blade
B.° / is then obtained in the same way as in the preceding section
with k.y; ° / D sgn.y/ exp.i³ jyj/=4¼ . We then obtain a result that
is equivalent to Eq. (21) as

B.° / D
i³c Q

.2¼/2i.° C °c/GC.¡°c/G¡.° /
.28/

where GCG¡ D i³=4¼ and can be de� ned as

GC.° / D .i¯=4¼/ ° ¡ · M C ·e; G¡.° / D ·e ¡ ° C · M

(29)

The scattered � eld can then be evaluated from the integral

ps D exp.¡i!t C ivz/
sgn.y/

2

£
1 ¡ i ¿

¡1 ¡ i¿

i³c Q exp.¡i° x C i³c yo C i³ jyj/
.2¼/2i.° C °c/GC.¡°c/G¡.° /

d° (30)

When a single blade is mounted in a rotor, we can specify an
equivalent cascade that is the superposition of the � elds from the
single blade at intervals corresponding to one rotor diameter. The
scattered � eld can then be de� ned as

ps D exp.¡i!t C ivz/

£
1 ¡ i ¿

¡1 ¡ i¿

i³c Q exp[¡i° .x ¡ yd=h/ C i³c y0]

.2¼/2i.° C °c/GC.¡°c/G¡.° /
2¼k0.y; ° / d°

(31)

where

k0.y; ° / D 1

4¼

1

n D ¡1
sgn.y ¡ n Bh/

£ exp[¡i° .y ¡ nBh/d=h C i³ jy ¡ nBhj] (32)

In the region downstream of the trailing edge, this integral is eval-
uated using a contour in the lower half-plane and has singularities
only at the poles of k0 . If we compare the de� nition of the function
k0 with the function k.p/ de� ned in Appendix A [Eq. (A3)], we see
that the poles of k0 are located at the solutions to

§³h C ° d D 2¼m .33/

and so the scattered � eld is of the form

ps D exp.¡i!t C ivz/
.¡2¼ i/

Bh

£
m

i³c Q K ¡
m exp ¡i° ¡

m .x ¡ yd=h/ ¡ 2¼imy=Bh C i³c y0

.2¼/2i ° ¡
m C °c GC.¡°c/G¡ ° ¡

m

(34)

This result shows that the � eld downstreamof the trailingedges is
purelymodal. However, that is not the case in the upstreamdirection
forwhich the integralin Eq. (31) is closedin theupperhalf-planeand
must circumscribe the branch cut associated with the function G¡.
The presence of the branch cut is required to satisfy the boundary
conditions on the surface of the isolated blade. Interestingly, this is
not the case for the full set of blades where the upstream � eld is
purely modal. This is demonstratedby the evaluationof the integral
given in Eq. (14), using a contour closed in the upper half-plane.
Inspectionof Eqs. (21), (A3), and (B7) shows that this is determined
only by the zeros of J .p/

¡ for which the wave numbers correspond
to ducted modes between the cascade blades, i.e., ³ D m¼=¯h.

By comparing this result with Eq. (23), we see that we can de� ne
a correction factor for each mode that gives the ratio of the modal
amplitude for a cascade of blades to the result obtained for a single-
bladed rotor. The modal correction factor is given as

Cm D
Hm .°c/GC.¡°c/G¡ ° ¡

m

³c J .m/
C .¡°c/J .m/

¡ ° ¡
m

.35/

This is the primary result of this paper. It shows how the trailing-
edge noise from a single-bladed rotor has to be modi� ed to allow
for additional scattering by the adjacent blades. The expression is
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given in terms of the modal amplitudes and depends crucially on
the functions J§ , which determine the cascade response.

IV. Results and Discussion
First we will compare the result obtained for a single blade in a

ducted con� guration, Eq. (34), with earlier results3 ;5 obtained for
trailing-edge noise from a semi-in� nite � at plate. The result given
by Eq. (30) can be shown to be identical to the result given by
Amiet3 for a convected pressure disturbance past the trailing edge
of a semi-in� nite � at plate. The scaling of the sound power with
� ow velocity and far-� eld directionality will therefore be identical
to that given in previousstudies.When this result is put into a modal
form [Eq. (34)], the scaling with � ow speed is more subtle. At low
Mach numbers,we can take°c À ° §

m , and for each modespeci� ed in
Eq. (34), the only terms that do not scale with the Strouhal number
°ch are K C

m and G¡. At high frequencies, K C
m is independent of

frequency, and G¡ scales as !1=2. The pressure spectrum scales
as U 2 , and so combining these results, we expect each mode to
increase in amplitude as U 3=2 . To estimate the sound power output,
we note that each mode will contribute independently to the sound
power from the cascade,and the numberof modes in the summation
givenby Eq. (34)will increaselinearlywith the frequency.However,
we cannot ignore the spanwise modes that are determined by the
spanwise extent of the blade and further increase the modal density
such that the total number of modes increases with the square of
the frequency. The modal sound power therefore will scale as U 5,
as is expected for an unducted blade.1;2 ;5 The presence of adjacent
blades will alter these scaling arguments only by the effect of the
correction factor given in Eq. (35), which will be discussed in more
detail later.

Before the modal correction factor given by Eq. (35) is consid-
ered, the split functions J§ must be evaluated, and these are given
in Appendix B. The same functions are required for the calcula-
tion of the cascade response function for an incoming vortical or
acoustic disturbance,and in another study, routines were developed
to evaluate these functions. This code was veri� ed by comparison
with publishedcalculations,15 ;16 and exact agreementwas obtained.
However, the computationof these functionsrequires the evaluation
of an in� nite series that is slow to converge, but an alternate sum-
mation is possible that gives the exact result for the amplitude of
these functions from a � nite series of terms, and this is discussed in
Appendix B.

To illustrate the behaviorof the split functions,Fig. 2 gives a typ-
ical calculation of JC.¡°c/J¡.° / for a given frequency and Mach
number. At wave numbers that lie in the range ·e C · M < ° < ·e C
· M , the function is oscillatorywith multiple peaks and zeros, and it
is this resonanttypeof behaviorthatdeterminesthevalueofEq. (35).
Outside of this range, the functions have algebraic growth, and this
is seen by the trends in the curves for large and small arguments.
Peake12 has derived asymptotic expressions for the evaluation of
this function, and by using his results, we can obtain a � rst-order
approximation that is of the form

J .m/
C .¡°c/J .m/

¡ .° / D
GC.¡°c/G¡.° /

[1 ¡ exp.i³h ¡ i° d ¡ i¾ /]
.36/

Using the approximation (36) then allows us to de� ne

Cm ¼ j1 ¡ e2i³m h j .37/

Fig. 2 Split functions as a
function of wave number.
Calculations are for ·h =
8:15, d/h = 1:6, º = 0, and
M = 0:5.

Fig. 3 Cascade correction factor as a function of nondimensional fre-
quency based on blade spacing. Calculations are for d/h = 1:6, m = 0,
º = 0, and M = 0:5; ————, exact result, and ——, approximation by
Eq. (37).

Fig. 4 Cascade correction function as a function of nondimensional
frequency based on blade spacing. Calculations are for d/h = 1:6; m =
0; º = 0; and M = 0:3; 0:5, and 0:7.

where ³m is the value of ³ evaluated when ° D ° ¡
m . Equation (37)

illustrates the dependence of the result on the parameters involved.
It shows that Cm is oscillatoryand lies in the range 0–2. The approx-
imation is compared with exact calculations in Fig. 3 for a single
mode (m D 0; º D 0; M D 0:5, and d=h D 1:61). First, note the nulls
in these results that correspond to the zeros of Eq. (37), and second,
the cascadecorrectiongivesup to 6-dB increasesover and above the
level from a single blade. This clearly will have an important effect
on the levels of radiatednoise from the cascade.The approximation
given by Eq. (37) is not particularly accurate as shown in Fig. 3
but correctly identi� es the more important features of the cascade
response.

The approximation (37) suggests that the modal corrections are
relatively independent of Mach number, and this is illustrated in
Fig. 4, which shows the modal correction factor for the zero-order
mode at three different Mach numbers. The nulls in these curves
occur at different frequencies due to the change in ·h for a � xed
Strouhal number, but the maximum level of the correction factor
remains the same for all Mach numbers considered. Consequently,
the additional scattering by adjacent blades is not expected to alter
the U 5 scaling obtained from the theory for isolated blades.

A physicalexplanationof the effect of adjacentbladeson trailing-
edge noise is illustrated in Fig. 5. On an isolatedblade, the turbulent
� ow in the vicinity of the blade trailing edge causes an edge dipole
whose axis is orientednormal to the � ow direction.The presenceof
adjacent blades provides multiple re� ecting surfaces as illustrated
in Fig. 5, but to a � rst approximation,the effect of the cascadecan be
approximated by placing an in� nite re� ecting plane at the location
of the closest neighboring blade. The re� ected � eld is then given
by an image dipole at a distance y D 2h above the trailing-edge
dipole, and this simpli� ed model gives the approximate correction
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Fig.5 First-orderapproximationof trailing-edgenoise scattering from
a cascade (top) given by the scattering by the closest blade as if it were
a rigid plane (bottom).

factor(37). The presenceof additionaltrailingedgesaccountsfor the
differencesbetween the exact solutionand the approximatesolution
as illustrated in Fig. 3. However, the simpli� ed model given here
explains the maximum ampli� cation and the dips in the spectra that
can be expected from adjacent blade scattering.

Finally, it is of interest to verify that the modal solution of the
scattered � eld satis� es the Kutta condition at the trailing edge of the
blades. The Kutta condition is satis� ed if the � ow velocity induced
by each mode in the direction normal to the blade chord tends to
zero just downstream of the trailing edges. To verify that this is
the case, consider the linearized form of the momentum equation,
which relates º, the � ow velocity in the y direction, to the pressure
gradient as ½0D0º=Dt D ¡@ps =@y. Considering Eq. (16), we � nd
that, for each term in the series expansion of the incident � eld, the
normal velocity can be de� ned as

º D
1 C i¿

¡1 C i ¿

e¡i° x 2¼ j .p/.° /A p.° /

i½0.! C ° U /
d°

From the theory of Fourier transforms,this velocitywill tend to zero
as x® ¡ 1 if the integrand is of order ° ¡® when ° tends to in� nity.
Therefore, to satisfy the Kutta condition,we require that ® > 1, and
this is ensured from the asymptotic forms of Eqs. (21), (A8), and
(B12), which give j .p/ » ° and Ap » ° ¡3=2 .

V. Conclusion
The analysis given in this paper has identi� ed the effect of adja-

cent blade scattering on trailing-edge noise. The results have been
compared with the radiation from a single blade. The Mach num-
ber has been found to have a relatively weak effect on the results,
and so scaling with � ow speed will be unaltered by the effect of
adjacent blades unless there is an additional Reynolds number ef-
fect that is not considered here. The dominant mechanism for the
additional scattering is shown to be caused by the presence of the
closest neighboringblade acting as a hard re� ecting plane, and this
causes increasesin levels of up to 6 dB and interferencedips or nulls
in the spectra.

Appendix A: Evaluation of the Response Function
In this Appendix, we will evaluate Eq. (13), which is de� ned as

ap.x; y/ D
1

2¼

1

¡1

1 C i ¿

¡1 C i¿

¡i® Ap.° /

£ n exp[¡i° .x ¡ nd/ ¡ i®.y ¡ nh/ C in¾ ]

.! C ° U /2 c2
0 ¡ ° 2 ¡ ®2 ¡ º2

d® d°

where ¾ D ¡2¼p=B. The integral over ® is evaluated using the
residue theorem and gives

ap.x; y/ D 1
2

1 C i¿

¡1 C i¿

Ap.° / exp[¡i° .x ¡ yd=h/]
1

n D ¡1
sgn.y¡nh/

£ exp[¡i° .y ¡ nh/d=h C i³ jy ¡ nhj C i n¾ ] d° (A1)

where ³ D
p

.! C ° U /2=c2
0 ¡ ° 2 ¡ º2 . We will choose the branch

Im.³ / > 0 and require ! to have a small positive imaginary part so
that the summation in Eq. (A1) converges. The summation can be
evaluated by using the result

1

n D 0

zn D 1

1 ¡ z
; jzj < 1

so that when 0 < y < h, we obtain

1

n D ¡1
sgn.y ¡ nh/ exp[¡i° .y ¡ nh/d=h C i³ jy ¡ nhj C in¾ ]

D
exp[¡i.° d ¡ ³h/y=h]

1 ¡ exp.i³h ¡ i° d ¡ i¾ /

¡
exp[¡i.° d C ³h/.y=h ¡ 1/ C i¾ ]

1 ¡ exp.i³h C i° d C i¾ /

By making use of this result, we can write Eq. (13) as

ap D
1 C i¿

¡1 C i ¿
2¼k.p/.y; ° /Ap.° / exp[¡i° .x ¡ yd=h/] d° (A2)

where the function k. p/ is de� ned as

k. p/.y; ° / D 1
4¼

exp[¡i.° d ¡ ³h/y=h]
1 ¡ exp.i³ h ¡ i° d ¡ i¾ /

¡
1

4¼

exp[¡i.° d C ³h/.y=h ¡ 1/ C i¾ ]

1 ¡ exp.i³h C i° d C i¾ /
(A3)

This function has poles in the complex plane that occur at the solu-
tions to

§³h C ° d C ¾ D 2¼n

and because the interblade phase angle is ¡2¼p=B; these can be
de� ned as

° §
n B C p D ¡A § A2 ¡ C2

A D
¡2¼.p C nB/d=Bh ¡ !hM=c0

h.1 C d2=h2 ¡ M 2/
(A4)

C2 D
[2¼.p C n B/=Bh]2 C º2 ¡ .!=c0/

2

.1 C d2=h2 ¡ M2/

where the superscriptrefers to solutions in the upperor lower halves
of the complex plane, respectively.The residues of 2¼k.p/ at these
poles are de� ned as K §

nB C p exp[¡2¼ i.nB C p/y=Bh]=h in which

K §
m D

§1
2i

h

[@.³ h § ° d/=@° ]j° D °
§
m

D
¡ ° §

m d ¡ 2¼m=B 2i

¯2h · M ¡ ° §
m ¡ .d=h/ ° §

m d ¡ 2¼m=B
(A5)

where

¯2 D 1 ¡ M 2; · D ! ¯2c0

Note that both K §
p and ° §

p are functions of Bh and d=h will be un-
altered if the blade number is changed for a given rotor diameter.
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By differentiatingEq. (A2), we obtain

@ap

@y
D

1 C i¿

¡1 C i ¿
2¼k. p/

1 .y; ° /Ap.° / exp[¡i° .x ¡ yd=h/] d°

.A6/
where

k. p/

1 .y; ° / D 1

4¼

i³ exp[¡i.° d ¡ ³h/y=h]

1 ¡ exp.i³h ¡ i° d ¡ i¾/

C 1

4¼

i³ exp[¡i.° d C ³h/.y=h ¡ 1/ C i¾ ]

1 ¡ exp.i³h C i° d C i¾ /
(A7)

and for the particular case when y D 0, we can de� ne j .° / D
k.p/

1 .0; ° /, where

j .p/.° / D
i³

4¼

£
.1 ¡ e2i³ h/

[1 ¡ exp.i³h ¡ i° d ¡ i¾ /][1 ¡ exp.i³h C i° d C i¾/]

(A8)

Appendix B: Split Functions
The response of a linear cascade of blades to an upwash gust is

discussedby Koch11 and Peake12 and dependson the split functions
J .p/

§ , which are de� ned as the Wiener Hopf factorization of the
function j .p/ given in Eq. (A8). This can be rewritten as

j .p/.° / D ³

4¼

sin.³ h/

cos.³ h/ ¡ cos.»d C ½/
; ³ D ¯ ·2

e ¡ » 2

.B1/
where

M D U=c0; ¯2 D 1 ¡ M2; · D !=c0¯2

·2
e D · 2 ¡ .º=¯/2; » D ° ¡ ·M (B2)

½ D ¾ C · Md; ¾ D ¡2¼p=B

To obtain the split functions J .p/
§ .° /, we � rst consider the func-

tion ³ sin ³h, which can be expanded as an in� nite product. The
expansion is

³ sin ³h D ·e¯ sin.·eh¯/
1

m D 0

1 ¡ »

µm
1 ¡ »

#m
.B3/

where

µm D ¡ · 2
e ¡ .m¼=¯h/2; #m D ·2

e ¡ .m¼=¯h/2 (B4)

are the zeros of the function.
The denominator of j .p/ may be expanded in a similar fashion

giving

cos.³ h/ ¡ cos.»d C ½/ D [cos.·e¯h/ ¡ cos.½/]

£
1

m D ¡1
1 ¡ »

´C
m

1 ¡ »

´¡
m

eC» (B5)

where C is a constant that can be shown to be zero and ´§
m are the

zeros of the function de� ned as

´§
m D ¡ fm sin Âe § cosÂe ·2

e ¡ f 2
m ; fm D ¾ C · Md ¡2¼m

d2 C .¯h/2

(B6)

and tanÂ" D d=h¯ .
Theseexpansionsclearlyde� ne thezerosandpolesof the function

j . p/, and so to obtain the factorization,we can separateout two sets

of functions that only have zeros or poles in either the upper or the
lower halves of the complex ° plane. This gives the factorizationas

JC.° / D
·e¯ sin.·eh¯/

4¼ [cos.·eh¯/ ¡ cos.½/]

1
m D 0.1 ¡ »=µm/

1
m D ¡1 1 ¡ »=´¡

m

e8

(B7)

J¡.° / D
1
m D 0.1 ¡ »=#m /

1
m D ¡1 1 ¡ » ´C

m

e¡8

The function 8 must be chosen so that both J . p/
C and J .p/

¡ have
algebraic growth as » tends to in� nity and is given by

8 D .¡i»=¼/[h¯ log.2 cos Âe/ C Âed] .B8/

The expressions given by Eq. (B7) include in� nite series that are
slow to converge and so can cause numerical inaccuracies. How-
ever, an accurate form of the split function can be obtained by only
considering the magnitude of these functions for real values of ° .
To demonstrate this, we rearrange Eq. (B3) to de� ne the terms of
the series for which the coef� cients µm and #m are imaginary:

1

m D M

1 ¡ »

µm
1 ¡ »

#m

D ³ sin ³h

·e¯ sin.·eh¯/
M ¡ 1
m D 0 1 ¡ »=µm 1 ¡ »=#m

(B9)

where M is chosen so that M¼ > ·eh¯ . Because µm D #¤
m for all of

the terms on the left-hand side, and we have de� ned » as real, we
� nd that

1

m D M

1 ¡ »

µm

2

D
1

m D M

1 ¡ »

#m

2

D
³ sin ³h

·e¯ sin.·eh¯/
M ¡ 1
m D 0 1 ¡ »=µm 1 ¡ »=#m

(B10)

The magnitudeof the slowly convergingpart of the series on the top
line of Eq. (B7) is therefore de� ned exactly by a series with a � nite
number of terms. Similar arguments may be applied to Eq. (B5) to
give

M1

m D ¡1

1

m D M2

1 ¡ »

´C
m

2

D
M1

m D ¡1

1

m D M2

1 ¡ »

´¡
m

2

D cos.³ h/ ¡ cos.»d C ½/

[cos.·eh¯/ ¡ cos.½/] M2 ¡ 1
m D M1 C 1 1 ¡ »=´C

m 1 ¡ »=´¡
m

(B11)

where M1 and M2 are chosen so that fm > ·e for m < M1 and
m > M2. By substituting the expressions (B10) and (B11) into the
de� nition of J .p/

¡ .° /, we obtain

J .p/
¡ .° / D ³ sin ³ h

·e¯ sin.·eh¯/

cos.·eh¯/ ¡ cos.½/

cos.³ h/ ¡ cos.»d C ½/

£
M ¡ 1

m D 0

.1 ¡ »=#m /

.1 ¡ »=µm /

M2 ¡ 1

m D M1 C 1

1 ¡ »=´¡
m

1 ¡ »=´C
m

1
2

(B12)

and J .p/
C can be calculatedfrom j j .p/.° /=J .p/

¡ .° /j. This gives an ex-
act expressionfor the split functions that is convergent and requires
only a � nite number of terms to be evaluated. It offers an enormous
improvement in computational effort compared with other proce-
dures for calculating this function but unfortunately only gives the
magnitude of the function on the real axis.

There are two problems when evaluating jJ .p/
¡ .° /j numerically.

First, at the mode wave numbers ° D » C · M D ´¡
m C · M , the

representation given by Eq. (B12) is indeterminate, and second,
singularities can occur when » D µm . To avoid these problems, the
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singularpoints are moved off the real axis by giving·e a small imag-
inary part and restricting ° to the real axis. Numerical calculations
have shown that multiplying ·e by .1 C i"/ with " » 10¡3 gives a
convergent result.
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